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Abstract
We consider flows of Spin(7)-structures. We use local coordinates to describe the torsion
tensor of a Spin(7)-structure and derive the evolution equations for a general flow of a Spin(7)-
structure Φ on an 8-manifold M . Specifically, we compute the evolution of the metric and the
torsion tensor. We also give an explicit description of the decomposition of the space of forms
on a manifold with Spin(7)-structure, and derive an analogue of the second Bianchi identity in
Spin(7)-geometry. This identity yields an explicit formula for the Ricci tensor and part of the
Riemann curvature tensor in terms of the torsion.
1 Introduction
This paper discusses general flows of Spin(7)-structures in a manner similar to the author’s analogous
results for flows of G2-structures, which were studied in [8]. Many of the calculations are similar
in spirit, although more involved, so we often omit proofs. The reader is advised to familiarize
themselves with [8] first.
A general evolution of a Spin(7)-structure is described by a symmetric tensor h and a skew-
symmetric tensor X satisfying some further algebraic condition, and it is only h which affects the
evolution of the associated Riemannian metric. However, the evolution of the torsion tensor is
determined by both h and X .
In Section 2, we review Spin(7)-structures, the decomposition of the space of forms, and the
torsion tensor of a Spin(7)-structure. In Section 3 we compute the evolution equations for the
metric and the torsion tensor for a general flow of Spin(7)-structures. In Section 4, we apply our
evolution equations to derive a Bianchi-type identity in Spin(7)-geometry. This leads to an explicit
formula for the Ricci tensor of a general Spin(7)-structure in terms of the torsion. An Appendix
collects various identities in Spin(7)-geometry.
The notation used in this paper is identical to that of [8]. Throughout this paper, M is a (not
necessarily compact) smooth manifold of dimension 8 which admits a Spin(7)-structure.
Acknowledgements. This article is based on a talk given by the author at the 10th Interna-
tional Conference on Differential Geometry and its Applications, in honour of the 300th anniversary
of the birth of Leonhard Euler, Czech Republic.
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2 Manifolds with Spin(7)-structure
In this section we review the concept of a Spin(7)-structure on a manifold M and the associated
decompositions of the space of forms. More details about Spin(7)-structures can be found, for
example, in [1, 4, 5, 6]. We also describe explicitly the torsion tensor associated to a Spin(7)-
structure.
Consider an 8-manifold M with a Spin(7) structure Φ. The existence of such a structure is
a topological condition. The space of 4-forms Φ on M which determine a Spin(7)-structure is a
subbundle A of the bundle Ω4 of 4-forms on M , called the bundle of admissible 4-forms. This is not
a vector subbundle, and unlike the G2 case, it is not even an open subbundle.
A Spin(7)-structure Φ determines a Riemannian metric gΦ and an orientation in a non-linear
fashion which we now describe. Let v be a non-zero tangent vector at a point p, and extend to
(v, e1, . . . , e7) a local frame near p. We define
Bij(v) = ((ei v Φ) ∧ (ej v Φ) ∧ (v Φ)) (e1, . . . , e7)
A(v) = ((v Φ) ∧ Φ) (e1, . . . , e7)
Then the metric gΦ is defined by
(gΦ(v, v))
2
= −
73
6
7
3
(detBij(v))
1
3
A(v)3
(2.1)
More details can be found in [6], although that paper uses a different orientation convention (see
also [7].) We will not have need for this explicit formula.
The metric gΦ and orientation (determined by the volume form) determine a Hodge star opera-
tor ∗, and the 4-form Φ is self-dual. That is, ∗Φ = Φ. The metric also determines the Levi-Civita
connection ∇, and the manifold (M,Φ) is called a Spin(7) manifold if ∇Φ = 0. This is a non-
linear partial differential equation for Φ, since ∇ depends on g which depends non-linearly on Φ.
Such manifolds (where Φ is parallel) have Riemannian holonomy Holg(M) contained in the group
Spin(7) ⊂ SO(8). A parallel Spin(7)-structure is also called torsion-free.
2.1 Decomposition of the space of forms
The existence of a Spin(7)-structure Φ onM (with no condition on ∇Φ) determines a decomposition
of the spaces of differential forms onM into irreducible Spin(7) representations. We will see explicitly
that the spaces Ω2, Ω3, and Ω4 decompose as
Ω2 = Ω27 ⊕ Ω
2
21 Ω
3 = Ω38 ⊕ Ω
3
48
Ω4 = Ω41 ⊕ Ω
4
7 ⊕ Ω
4
27 ⊕ Ω
4
35
where Ωkl has (pointwise) dimension l and this decomposition is orthogonal with respect to the
metric g. For k = 2 and k = 3, the explicit descriptions are as follows:
Ω27 = {β ∈ Ω
2; ∗(Φ ∧ β) = −3β} Ω221 = {β ∈ Ω
2; ∗(Φ ∧ β) = β} (2.2)
Ω38 = {X Φ; X ∈ Γ(TM)} Ω
3
48 = {γ ∈ Ω
3; γ ∧ Φ = 0} (2.3)
For k > 4, we have Ωkl = ∗Ω
8−k
l .
We need these decompositions in local coordinates. The following proposition is easy to verify.
2
Proposition 2.1. Let βij be a 2-form, γijk a 3-form, and X
k a vector field. Then
βij ∈ Ω
2
7 ⇔ βabg
apgbqΦpqij = −6 βij βij ∈ Ω
2
21 ⇔ βabg
apgbqΦpqij = 2 βij
γijk ∈ Ω
3
8 ⇔ γijk = X
lΦijkl γijk ∈ Ω
3
48 ⇔ γijkg
iagjbgkcΦabcd = 0
and the projection operators pi7 and pi21 on Ω
2 are given by
pi7(β)ij =
1
4
βij −
1
8
βabg
apgbqΦpqij (2.4)
pi21(β)ij =
3
4
βij +
1
8
βabg
apgbqΦpqij (2.5)
Remark 2.2. One can show using Proposition 2.1 and Lemma A.1 that if βij ∈ Ω
2
21,
βabg
blΦlpqr = βpig
ijΦjqra + βqig
ijΦjrpa + βrig
ijΦjpqa
which can then be used to show that Ω221 is a Lie algebra with respect to the commutator of matrices:
[β, µ]ij = βilg
lmµmj − µilg
lmβmj
In fact, Ω221
∼= so(7), the Lie algebra of Spin(7).
The decomposition of the space Ω4 of 4-forms can be understood by considering the infinitesmal
action of GL(8,R) on Φ. Let A = Ail ∈ gl(8,R). Hence e
At ∈ GL(8,R), and we have
eAt · Φ =
1
24
Φijkl (e
Atdxi) ∧ (eAtdxj) ∧ (eAtdxk) ∧ (eAtdxl)
Differentiating with respect to t and setting t = 0, we obtain:
d
dt
∣∣∣∣
t=0
(eAt · Φ) = Ami dx
i ∧
(
∂
∂xm
Φ
)
Now let Ami = g
mjAij , and decompose Aij = Sij + Cij into symmetric and skew-symmetric parts,
where Sij =
1
2
(Aij +Aji) and Cij =
1
2
(Aij −Aji). We have a map
D : gl(8,R)→ Ω4
D : A 7→
d
dt
∣∣∣∣
t=0
(eAt · Φ) = Sijg
jm dxi ∧
(
∂
∂xm
Φ
)
+ Cijg
jm dxi ∧
(
∂
∂xm
Φ
)
Proposition 2.3. The kernel of D is isomorphic to the subspace Ω221. It is also isomorphic to the
Lie algebra so(7) of the Lie group Spin(7) which is the subgroup of GL(8,R) which preserves Φ.
Proof. Since we are defining Spin(7) to be the group preserving Φ, the kernel of D is isomorphic to
so(7) by definition. To show explicitly that this is isomorphic to Ω221, suppose that Cij is in Ω
2
21.
Then D(C) is
1
24
(
Cmi Φmjkl + C
m
j Φimkl + C
m
k Φijml + C
m
l Φijkm
)
dxi ∧ dxj ∧ dxk ∧ dxl
3
From Proposition 2.1, we have Cij =
1
2
Cabg
apgbqΦpqij . Using this together with the final equation
of Lemma A.1, one can compute that
Cmi Φmjkl + C
m
j Φimkl + C
m
k Φijml + C
m
l Φijkm =
− 3
(
Cmi Φmjkl + C
m
j Φimkl + C
m
k Φijml + C
m
l Φijkm
)
and hence D(C) = 0. Thus Ω221 is in the kernel of D. We show below that D restricted to Ω
2
7 or to
S2(T ) is injective. This completes the proof.
By counting dimensions, we must have Ω47 = D(Ω
2
7) and also Ω
4
1⊕Ω
4
35 = D(S
2). We now proceed
to establish these explicitly. The proofs of the next two propositions are very similar to analogous
results in [8] and are left to the reader.
Proposition 2.4. Suppose that Aij is a tensor. Consider the 4-form D(A) given by
D(A) = Aijg
jm dxi ∧
(
∂
∂xm
Φ
)
or equivalently
D(A)ijkl = Aimg
mnΦnjkl +Ajmg
mnΦinkl +Akmg
mnΦijnl +Almg
mnΦijkn (2.6)
Then the Hodge star of D(A) is
∗D(A) = D(A¯) = A¯ijg
jm dxi ∧
(
∂
∂xm
Φ
)
where A¯ij =
1
4
Trg(A)gij −Aji. That is, as a matrix, A¯ =
1
4
Trg(A)I −A
T .
Proposition 2.5. Suppose Aij and Bij are two tensors. Let D(A) and D(B) be their corresponding
forms in Ω4. We write Aij =
1
8
Trg(A)gij + (A0)ij + (A7)ij , where A0 is the symmetric traceless
component of A, and A7 is the component in Ω
2
7. Similarly for B. (We can assume they have no
Ω221 component since that is in the kernel of D.) Then we have
gΦ(D(A), D(B)) =
7
2
Trg(A)Trg(B) + 4Trg(A0B0)− 16Trg(A7B7)
where A0B0 and A7B7 mean matrix multiplication.
Corollary 2.6. The map D : gl(8,R)→ Ω4 is injective on S2⊕Ω27. It is therefore an isomorphism
onto its image, Ω41 ⊕ Ω
4
7 ⊕ Ω
4
35.
Proof. This follows immediately from Proposition 2.5, since ifD(A) = 0 and A is pure trace, traceless
symmetric, or in Ω27, we see that A = 0.
We still need to understand the space Ω427. To do this we give another characterization of the
space of 4-forms using the Spin(7)-structure, which may be well-known to experts but has apparently
not appeared in print before.
Definition 2.7. We define a Spin(7)-equivariant linear operator ΛΦ on Ω
4 as follows. Let σ ∈ Ω4.
Use the notation (σ · Φ)ijkl to denote σijmng
mpgnqΦpqkl. Then ΛΦ(σ) ∈ Ω
4 is given by
(ΛΦ(σ))ijkl = (σ · Φ)ijkl + (σ · Φ)iklj + (σ · Φ)iljk + (σ · Φ)jkil + (σ · Φ)jlki + (σ · Φ)klij
4
We now explain the motivation for introducing this operator ΛΦ. If σ ∈ Ω
4
27, then g(σ,D(A)) = 0
for all A ∈ gl(8,R) since D(A) ∈ Ω41 ⊕ Ω
4
7 ⊕ Ω
4
35 and the splitting is orthogonal. Writing this in
coordinates using (2.6) gives
σ ∈ Ω427 ⇔ σabcdΦijklg
jbgkcgld = 0 for all a, i = 1, . . . , 8
Taking the above expression and contracting it with Φ, and using Lemma A.1, after some laborious
calculation one can show that
σ ∈ Ω427 ⇔ σijkl =
1
4
(ΛΦ(σ))ijkl
which says that Ω427 is an eigenspace of ΛΦ with eigenvalue +4. Suppose now that σ = D(A) ∈
Ω41 ⊕ Ω
4
7 ⊕ Ω
4
35. Then another brute force calculation using Definition 2.7 and Lemma A.1 shows
ΛΦ(D(A)) = D(6A
T − 6A− 3Trg(A)I)
and from the above relation it is a simple matter to verify the following characterization of Ω4.
Proposition 2.8. The spaces Ω41, Ω
4
7, Ω
4
27, and Ω
4
35 are all eigenspaces of ΛΦ with distinct eigen-
values. Specifically,
Ω41 = {σ ∈ Ω
4; ΛΦ(σ) = −24 σ} Ω
4
27 = {σ ∈ Ω
4; ΛΦ(σ) = +4 σ}
Ω47 = {σ ∈ Ω
4; ΛΦ(σ) = −12 σ} Ω
4
35 = {σ ∈ Ω
4; ΛΦ(σ) = 0}
In addition, we have
Ω41 = {D(λg);λ ∈ R} Ω
4
7 = {D(A7);A7 ∈ Ω
2
7} Ω
4
35 = {D(A0);A0 ∈ S
2
0}
where S20 is the space of symmetric traceless tensors. Also, Proposition 2.4 shows that
Ω4+ = {σ ∈ Ω
4; ∗σ = σ} = Ω41 ⊕ Ω
4
7 ⊕ Ω
4
27 Ω
4
−
= {σ ∈ Ω4; ∗σ = −σ} = Ω435
is the decomposition into self-dual and anti-self dual 4-forms.
Finally, we have the following result, which is also proved using Lemma A.1.
Proposition 2.9. Let σ ∈ Ω4. Then if we act on σ by ΛΦ twice, we have
ΛΦ(ΛΦ(σ))ijkl = 2Φijmng
mpgnqσpqrsg
ragsbΦabkl + 2Φikmng
mpgnqσpqrsg
ragsbΦablj
+ 2Φilmng
mpgnqσpqrsg
ragsbΦabjk + 24 σijkl − 16ΛΦ(σ)ijkl
We will need Propositions 2.8 and 2.9 in Section 2.2 to study the torsion of a Spin(7)-structure.
2.2 The torsion tensor of a Spin(7)-structure
In order to define the torsion tensor T of a Spin(7)-structure Φ, we need to first study the decom-
position of ∇X Φ into its components in Ω
4.
Lemma 2.10. For any vector field X, the 4-form ∇X Φ lies in the subspace Ω
4
7 of Ω
4. Hence ∇Φ
lies in the space Ω18 ⊗ Ω
4
7, a 56-dimensional space (pointwise.)
5
Proof. Let X = ∂
∂xm
, and consider the 4-form ∇mΦ. Then the second equation of Proposition A.2
tells us that ∇mΦ is orthogonal to S
2 ∼= Ω41 ⊕ Ω
4
35, exactly as in the G2 case as discussed in [8].
However, we need to work harder to show that there is no Ω427 component.
The essential reason that ∇X Φ ∈ Ω
4
7 is because of the way that the 4-form Φ determines the
metric g. From [6] (which uses a different orientation convention), we have
(u v Φ) ∧ (w y Φ) ∧Φ = −6 g(u ∧ v, w ∧ y)vol+ 7Φ(u, v, w, y)vol (2.7)
Taking ∇X of this identity gives
(u v ∇X Φ) ∧ (w y Φ) ∧ Φ + (u v Φ) ∧ (w y ∇X Φ) ∧ Φ
+ (u v Φ) ∧ (w y Φ) ∧ ∇X Φ = 7∇X Φ(u, v, w, y)vol
Now since ∗Φ = Φ and ∗(∇X Φ) = ∇X(∗Φ) = ∇X Φ, this can be written as
g((u v ∇X Φ) ∧ (w y Φ),Φ) + g((u v Φ) ∧ (w y ∇X Φ),Φ)
+ g(u v Φ) ∧ (w y Φ),∇X Φ) = 7∇X Φ(u, v, w, y)
We write this expression in coordinates, use Lemma A.1 to simplify the contractions of Φ with itself,
and skew-symmetrize the result to obtain
(∇X Φ)ijkl =
1
12
(
Φijmng
mpgnq(∇X Φ)pqrsg
ragsbΦabkl +Φikmng
mpgnq(∇X Φ)pqrsg
ragsbΦablj
)
+
1
12
(
Φilmng
mpgnq(∇X Φ)pqrsg
ragsbΦabjk
)
−
1
3
((∇X Φ · Φ)ijkl + (∇X Φ · Φ)iklj)
−
1
3
((∇X Φ · Φ)iljk + (∇X Φ · Φ)jkil + (∇X Φ · Φ)jlki + (∇X Φ · Φ)klij)
using the notation of Definition 2.7. In fact the above expression can also be directly verified using
the identities of Lemma A.1 and Proposition A.2. Now using Definition 2.7 and Proposition 2.9 this
becomes
(∇X Φ)ijkl = −
1
3
ΛΦ(∇X Φ)ijkl +
1
24
(ΛΦ(ΛΦ(∇X Φ))ijkl − 24 (∇X Φ)ijkl + 16ΛΦ(∇X Φ)ijkl)
Upon simplication, we have finally succeeded in showing that the basic relation (2.7) between the
metric and the Spin(7)-structure Φ implies
ΛΦ(ΛΦ(∇X Φ)) + 8ΛΦ(∇X Φ)− 48 (∇X Φ) = 0 for any X (2.8)
Let ∇X Φ = σ1 + σ7 + σ27 + σ35 be its decomposition into components, where σk ∈ Ω
4
k. Using
Proposition 2.8, equation (2.8) says
(336)σ1 + (0)σ7 + (240)σ27 − (48)σ35 = 0
which, by linear independence, shows σ1 = σ27 = σ35 = 0. Therefore ∇X Φ ∈ Ω
4
7.
Remark 2.11. The above result was first proved in [2] by Ferna`ndez, using different methods.
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Definition 2.12. Lemma 2.10 says that ∇Φ can be written as
∇mΦijkl = D(Tm)ijkl = Tm;ipg
pqΦqjkl + Tm;jpg
pqΦiqkl + Tm;kpg
pqΦijql + Tm;lpg
pqΦijkq
where for each fixed m, Tm;ab is in Ω
2
7. This defines the torsion tensor T of the Spin(7)-structure,
which is an element of Ω18 ⊗ Ω
2
7.
The following lemma gives an explicit formula for Tm;ab in terms of ∇Φ. This will be used in
Section 3.1 to derive the evolution equation for the torsion tensor.
Lemma 2.13. The torsion tensor Tm;αβ is equal to
Tm;αβ =
1
96
(∇mΦαjkl)Φβbcdg
jbgkcgld (2.9)
Proof. This is a simple computation using Definition 2.12 and the identities in Lemma A.1.
We close this section with some remarks about the decomposition of T into irreducible compo-
nents. One can show that Ω18 ⊗ Ω
2
7
∼= Ω3 = Ω38 ⊕ Ω
3
48. Therefore the torsion tensor T is actually a
3-form, with two irreducible components. In fact under this isomorphism T is essentially δΦ, which
is the content of the following result.
Theorem 2.14 (Ferna´ndez, 1986). The Spin(7)-structure corresponding to Φ is torsion-free if and
only if dΦ = 0. Since ∗Φ = Φ, this is equivalent to δΦ = 0.
Suppose M is simply-connected, as it must be to admit a metric with holonomy exactly equal
to Spin(7) in the compact case (see [5].) Then as in the G2 case, which is described in [8], the
component of the torsion in Ω38 can always be conformally scaled away, once we have made the Ω
3
48
component vanish, without changing that other component. Therefore in principle we can restrict
our attention to trying to make the Ω348 component of the torsion vanish, although it is not clear if
this is really a simplification. We will not pursue this here.
3 General flows of Spin(7)-structures
In this section we derive the evolution equations for a general flow ∂
∂t
Φ of a Spin(7)-structure Φ. Let
Aij = hij +Xij , where hij ∈ S
2 and Xij ∈ Ω
2
7. Then from the discussion in Section 2.1, a general
variation of Φ can be written as ∂
∂t
Φ = D(A). In coordinates, using (2.6), this is
∂
∂t
Φijkl = Aimg
mnΦnjkl +Ajmg
mnΦinkl +Akmg
mnΦijnl +Almg
mnΦijkn (3.1)
The first thing we need to do is to derive the evolution equations for the metric g and objects
related to the metric, specifically the volume form vol and the Christoffel symbols Γkij . We do this
using a much simpler argument than that presented in [8] for the G2 case. This method works for
that case as well.
Proposition 3.1. The evolution of the metric gij under the flow (3.1) is given by
∂
∂t
gij = 2 hij (3.2)
7
Proof. We want to know what the first order variation of the metric gΦ is, given a first order variation
D(A) of the Spin(7)-structure Φ. It suffices to consider any path Φ(t) of Spin(7)-structures that
satisfies ∂
∂t
∣∣
t=0
Φ(t) = D(A). We take
Φ(t) = eAt · Φ =
1
24
Φijkl (e
Atdxi) ∧ (eAtdxj) ∧ (eAtdxk) ∧ (eAtdxl)
Then if g = gijdx
idxj is the metric of Φ = Φ(0), it is easy to see that the metric g(t) of Φ(t) is
g(t) = gij(e
Atdxi)(eAtdxj)
Now we differentiate
∂
∂t
∣∣∣∣
t=0
g(t) = gij (A
i
kdx
k)dxj + gij dx
i(Ajl dx
l) = Akj dx
kdxj +Ali dx
idxl
= (Aij +Aji) dx
idxj = 2 hij dx
idxj
since h is the symmetric part of A. This completes the proof.
Corollary 3.2. The evolution of the inverse gij of the metric, the volume form vol, and the Christof-
fel symbols Γkij, under the flow (3.1), are given by
∂
∂t
gij = −2 hij
∂
∂t
vol = Trg(h) vol
∂
∂t
Γkij = g
kl (∇i hjl +∇j hil −∇l hij)
Proof. This is a standard result.
3.1 Evolution of the torsion tensor
In this section we derive the evolution equation for the torsion tensor T of Φ under the general
flow (3.1). We begin with the evolution of ∇mΦijkl.
Lemma 3.3. The evolution of ∇mΦijkl under the flow (3.1) is given by
∂
∂t
(∇mΦijkl) = Aipg
pq(∇mΦqjkl) +Ajpg
pq(∇mΦiqkl) +Akpg
pq(∇mΦijql) + Alpg
pq(∇mΦijkq)
+ (∇p him)g
pqΦqjkl + (∇p hjm)g
pqΦiqkl + (∇p hkm)g
pqΦijql + (∇p hlm)g
pqΦijkq
− (∇i hpm)g
pqΦqjkl − (∇j hpm)g
pqΦiqkl − (∇k hpm)g
pqΦijql − (∇l hpm)g
pqΦijkq
+ (∇mXip)g
pqΦqjkl + (∇mXjp)g
pqΦiqkl + (∇mXkp)g
pqΦijql + (∇mXlp)g
pqΦijkq
where Aij = hij +Xij ∈ S
2 ⊕ Ω27.
Proof. Recall that
∇mΦijkl =
∂
∂xm
Φijkl − Γ
n
miΦnjkl − Γ
n
mjΦinkl − Γ
n
mkΦijnl − Γ
n
mlΦijkn
so if we differentiate this equation with respect to t and simplify, we obtain
∂
∂t
(∇mΦijkl) = ∇m
(
∂
∂t
Φijkl
)
−
(
∂
∂t
Γnmi
)
Φnjkl
−
(
∂
∂t
Γnmj
)
Φinkl −
(
∂
∂t
Γnmk
)
Φijnl −
(
∂
∂t
Γnml
)
Φijkn
8
Now we substitute (3.1) and use Corollary 3.2. After we use the product rule on the first term, all
the terms involving ∇m h cancel in pairs. The result now follows.
Theorem 3.4. The evolution of the torsion tensor Tm;αβ under the flow (3.1) is given by
∂
∂t
Tm;αβ = Aαpg
pqTm;qβ −Aβpg
pqTm;qα + pi7(∇β hαm −∇α hβm +∇mXαβ) (3.3)
where Aij = hij +Xij is the element of S
2 ⊕Ω27 corresponding to the flow of Φ, and pi7 denotes the
projection onto Ω27 of the tensor skew-symmetric in α, β for fixed m.
Proof. This is a long computation, but is similar in spirit to the analogous result for G2-structures
in [8]. We will describe the main steps, and leave the details to the reader. Begin with Lemma 2.13,
and differentiate to obtain:
∂
∂t
Tm;αβ =
1
96
(
∂
∂t
∇mΦαjkl
)
Φβbcdg
jbgkcgld +
1
96
(∇mΦαjkl)
(
∂
∂t
Φβbcd
)
gjbgkcgld
−
6
96
(∇mΦαjkl)Φβbcdh
jbgkcgld (3.4)
where we have used ∂
∂t
gij = −2 hij from Corollary 3.2. Recall that for a tensor Bij we defined
D(B)ijkl = Bipg
pqΦqjkl +Bjpg
pqΦiqkl +Bkpg
pqΦijql +Blpg
pqΦijkq
Let us define a similar shorthand notation Dm(B) to denote
Dm(B)ijkl = Bipg
pq∇mΦqjkl +Bjpg
pq∇mΦiqkl +Bkpg
pq∇mΦijql +Blpg
pq∇mΦijkq
Then Lemma 3.3 says that
∂
∂t
∇mΦijkl = Dm(A) +D(B) (3.5)
where we define
Bαβ = ∇β hαm −∇α hβm +∇mXαβ (3.6)
We also have ∂
∂t
Φ = D(A). Therefore (3.4) becomes
∂
∂t
Tm;αβ =
1
96
Dm(A)αjklΦβbcdg
jbgkcgld +
1
96
D(B)αjklΦβbcdg
jbgkcgld
+
1
96
(∇mΦαjkl)D(A)βbcdg
jbgkcgld −
6
96
(∇mΦαjkl)Φβbcdh
jbgkcgld (3.7)
We will break up the computation into several manageable pieces. First, we need the following
identity. If A = h+X ∈ S2 ⊕ Ω27, then:
D(A)ijklΦabcdg
kcgld = 4 hiagjb − 4 hibgja + 4 hjbgia − 4 hjagib + 2Trg(h)(giagjb − gibgja − Φijab)
+16Xiagjb − 16Xibgja + 16Xjbgia − 16Xjagib
− 2Aipg
pqΦqjab + 2Ajpg
pqΦqiab + 2Apag
pqΦqbij − 2Apbg
pqΦqaij (3.8)
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which can be proved using Lemma A.1. Also, it is easy to check that if X and Y are both in Ω27,
then
Xipg
pqYqjg
iagjbΦabkl = Xkpg
pqYql − Ykpg
pqXql (3.9)
which essentially says that the Lie bracket of two elements of Ω27 is always in Ω
2
21. Now using the
identities (3.8) and (3.9), and Lemma A.1 again, along with some patience, one can establish the
following four expressions:
D(A)αjklΦβbcdg
jbgkcgld = 24 hαβ + 18Trg(h) gαβ + 96Xαβ
Dm(A)αjklΦβbcdg
jbgkcgld = 48 (hαpg
pqTm;qβ + hβpg
pqTm;qα +Trg(h)Tm;αβ − g(X,Tm)gαβ)
(∇mΦαjkl)D(A)βbcdg
jbgkcgld = 48 (−hαpg
pqTm;qβ − hβpg
pqTm;qα +Trg(h)Tm;αβ + g(X,Tm)gαβ)
+ 96 (Xαpg
pqTm;qβ −Xβpg
pqTm;qα)
(∇mΦαjkl)Φβbcdh
jbgkcgld = 16 (−hαpg
pqTm;qβ − hβpg
pqTm;qα +Trg(h)Tm;αβ)
Now we use the above four expressions to simplify equation (3.7). We need to substitute B as defined
in (3.6) for A when we use the first of these expressions. After much cancellation and collecting like
terms, we are left with exactly (3.3).
We remark that, just as in the G2 case, the terms with ∇h and with ∇X play quite different
roles in the evolution of the torsion tensor in equation (3.3). One hopes that it is possible to choose
h and X in terms of T and possibly also ∇T so that the evolution equations have nice properties. In
particular we would like the equation to be parabolic transverse to the action of the diffeomorphism
group, for short-time existence. Ideally such a flow exists where the L2-norm ||T || of the torsion
decreases. These are questions for future research.
4 Bianchi-type identity and curvature formulas
In this section, we apply the evolution equation (3.3) to derive a Bianchi-type identity for manifolds
with Spin(7)-structure. This yields explicit formulas for the Ricci tensor and part of the Riemann
curvature tensor in terms of the torsion tensor. As the calculations here are extremely similar to
those in [8], we will be brief.
Proposition 4.1. The diffeomorphism invariance of the metric g as a function of the 4-form Φ is
equivalent to the vanishing of the Ω41 ⊕ Ω
4
35 component of ∇Y Φ for any vector field Y . This is the
fact which was proved earlier in Lemma 2.10.
Proof. The proof is identical to the G2 case. In both cases it is due to the fact that the evolution of
the metric g depends only on the symmetric part h of A = h+X . Notice that in the Spin(7) case,
there is a stronger result that the Ω427 component of ∇Y Φ also vanishes, Lemma 2.10, which does
not follow from here.
Theorem 4.2. The diffeomorphism invariance of the torsion tensor T as a function of the 4-form
Φ is equivalent to the following identity:
∇q Tp;αβ −∇p Tq;αβ =
1
4
Rpqαβ −
1
8
Rpqijg
iagjbΦijαβ + 2Tq;αmg
mnTp;nβ − 2Tp;αmg
mnTq;nβ (4.1)
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Proof. The proof is very similar to the analogous result for G2-structures described in [8], and is left
to the reader. The identity (4.1) can also be established directly by using (2.9), Lemma A.1, and
the Ricci identities.
We now examine some consequences of Theorem 4.2. For i and j fixed, the Riemann curvature
tensor Rijkl is skew-symmetric in k and l. Hence we can use the decomposition of Ω
2 to write it as
Rijkl = (pi7(Riem))ijkl + (pi21(Riem))ijkl
where by equation (2.4), we have
(pi7(Riem))ijkl =
1
4
Rijkl −
1
8
Rijabg
apgbqΦpqkl (4.2)
Therefore the identity (4.1) says that
(pi7(Riem))pqαβ = ∇q Tp;αβ −∇p Tq;αβ + 2 (Tp;αmg
mnTq;nβ − Tq;αmg
mnTp;nβ) (4.3)
Corollary 4.3. If Φ is torsion-free, then the Riemann curvature tensor Rijkl ∈ S
2(Ω2) actually
takes values in S2(Ω221), where Ω
2
21
∼= so(7), the Lie algebra of Spin(7).
Proof. Setting T = 0 in (4.3) shows the for fixed i, j, we have Rijkl ∈ Ω
2
21 as a skew-symmetric
tensor in k, l. The result now follows from the symmetry Rijkl = Rklij .
Remark 4.4. This result is well-known. When T = 0, the Riemannian holonomy of the metric gΦ is
contained in the group Spin(7). By the Ambrose-Singer holonomy theorem, the Riemann curvature
tensor of the metric is thus an element of S2(so(7)).
Lemma 4.5. Let Qijkl = Rijabg
apgbqΦpqkl. Then we have Qijklg
il = 0.
Proof. This is identical to the G2 case proved in [8].
From Lemma 4.5 and equation (4.2), we see that the Ricci tensor Rjk can be expressed as
Rjk = Rijklg
il = 4 (pi7(Riem))ijklg
il (4.4)
Proposition 4.6. Given a Spin(7)-structure Φ with torsion tensor Tm;αβ, its associated metric g
has Ricci curvature Rjk given by
Rjk = 4 g
il∇i Tj;lk − 4∇j (g
ilTi;lk) + 8Tj;mkTi;nlg
mngil − 8Tj;mlTi;nkg
mngil
Proof. This follows immediately from equations (4.3) and (4.4).
Corollary 4.7. The metric of a torsion-free Spin(7)-structure is necessarily Ricci-flat. This is
classical, originally proved by Bonan. Here we see a direct proof of this fact.
Remark 4.8. Some formulas relating the Ricci tensor and the torsion on a manifold with Spin(7)-
structure have also been obtained by Ivanov in [3].
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A Identites in Spin(7)-geometry
In this appendix we collect several identities involving the 4-form Φ of a Spin(7)-structure. They
are derived by methods analogous to those for the G2 case as explained in [8], so we omit the proofs.
In local coordinates x1, x2, . . . , x8, the 4-form Φ is
Φ =
1
24
Φijkl dx
i ∧ dxj ∧ dxk ∧ dxl
where Φijkl is totally skew-symmetric. The metric is given by gij = g(
∂
∂xi
, ∂
∂xj
).
Lemma A.1. The following identities hold:
ΦijklΦabcdg
iagjbgkcgld = 336
ΦijklΦabcdg
jbgkcgld = 42gia
ΦijklΦabcdg
kcgld = 6giagjb − 6gibgja − 4Φijab
ΦijklΦabcdg
ld = giagjbgkc + gibgjcgka + gicgjagkb
− giagjcgkb − gibgjagkc − gicgjbgka
− giaΦjkbc − gjaΦkibc − gkaΦijbc
− gibΦjkca − gjbΦkica − gkbΦijca
− gicΦjkab − gjcΦkiab − gkcΦijab
Proposition A.2. The following identities hold:
(∇mΦijkl)Φabcdg
iagjbgkcgld = 0
(∇mΦijkl)Φabcdg
jbgkcgld = −Φijkl(∇mΦabcd)g
jbgkcgld
(∇mΦijkl)Φabcdg
kcgld = −Φijkl(∇mΦabcd)g
kcgld − 4∇mΦijab
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